Estimation of a quadratic functional over parameter spaces that are not quadratically convex is considered. It is shown, in contrast to the theory for quadratically convex parameter spaces, that optimal quadratic rules are often rate suboptimal. In such cases minimax rate optimal procedures are constructed based on local thresholding. These nonquadratic procedures are sometimes fully efficient even when optimal quadratic rules have slow rates of convergence. Moreover, it is shown that when estimating a quadratic functional nonquadratic procedures may exhibit different elbow phenomena than quadratic procedures.
Introduction. The Gaussian sequence model
where z i are i.i.d. standard normal random variables, often serves as a general prototypical model in nonparametric function estimation settings. For example, it is exactly equivalent to a white noise with drift model and can also be used to approximate nonparametric regression and density estimation models. For the sequence model considerable attention has focused on estimating linear and nonlinear functionals of the infinite dimensional mean vector θ = (θ 1 , θ 2 
, . . . ).
One particularly important nonlinear functional is the quadratic functional Q(θ ) = ∞ i=1 θ 2 i . Early results on this and related problems were given in [3, 11, 15, [17] [18] [19] . More recent results can be found in [13, 22, 23] .
The problem of estimating this quadratic functional is closely connected to the construction of confidence balls in nonparametric function estimation. See, for example, [6, 12, 14, 25] . In addition, as shown in [3, 11, 15] this problem connects the nonparametric and semiparametric literatures.
One of the interesting features of the quadratic functional estimation problem is that the usual information bound over any bounded subset of l 2 , as, for example, given in [2] , is strictly positive and finite for θ = 0. However this bound may or may not be useful. Bickel and Ritov [3] and Ritov and Bickel [26] showed in the context of i.i.d. data that in some cases the information bound is sharp whereas in other cases the information bound is not informative because the minimax rate of convergence is slower than the usual parametric rate. This phenomenon is often known as the elbow phenomenon. Donoho and Nussbaum [11] and Fan [15] further developed this theory for orthosymmetric quadratically convex parameter spaces such as hyperrectangles or Sobolev balls. In particular, the minimax theory was fully developed in these cases. The elbow phenomenon also occurs in these more general settings. Moreover, quadratic rules occupy a particularly important position in this theory: simple quadratic rules can always be constructed which are minimax rate optimal.
In this paper we focus on the problem of estimating the quadratic functional Q(θ ) over parameter spaces which are not quadratically convex where, as we shall show, quadratic rules are no longer sufficient for minimax estimation. In particular, we explore when the information bound is sharp and when nonquadratic rules are needed to attain the bound. An estimator is called fully efficient if it attains the information bound asymptotically and we say that fully efficient estimation is possible when such an estimator exists. We also consider specific examples of parameter spaces which are not quadratically convex, namely Besov balls B α p,q (M) and L p balls L p (α, M) with p < 2. These spaces, defined in Section 2, provide a rich collection of possible parameter spaces. For these spaces we characterize the elbow phenomenon for the performance of optimal quadratic procedures and that of general minimax procedures. In particular, we show that over these spaces when the optimal quadratic procedure does not attain the usual parametric rate minimax rate optimal rules must be nonquadratic.
The paper is organized as follows. In Section 2 we first consider the performance of quadratic procedures over general orthosymmetric parameter spaces. It is known that when the parameter space is quadratically convex optimal quadratic procedures are near minimax. Such an analysis has however not been given for parameter spaces that are not quadratically convex. In fact, as we show, the near minimaxity of optimal quadratic rules typically does not hold when the parameter space is not quadratically convex. It is shown that the maximum risk of quadratic procedures over any parameter space is equal to the maximum risk over the quadratic convex hull. It also follows from our results that for Besov balls and L p balls with p < 2 quadratic rules can be minimax rate optimal only if the minimax quadratic risk is of order n −1 . For Besov balls and L p balls the minimax quadratic risk also exhibits the well-known elbow phenomenon. We show that there is a fully efficient quadratic procedure as long as α > . A nonquadratic estimator is constructed which has risk within a constant factor of the minimax risk.
A distinct feature of the case p < 2 is that the hardest hyperrectangle submodel is not as difficult as the full model. In contrast, in the dense case of p ≥ 2 hyperrectangle submodels can be chosen which yield not only useful lower bounds but also lead to rate optimal quadratic procedures. See [11] . For p < 2 the worst case can be captured by a mixture prior supported on a large collection of hyperrectangles. Lower bounds are developed in Section 3.3 based on this mixture prior. Local thresholding procedures which capture any large coefficients are shown to be within a constant factor of these lower bounds.
Section 4 briefly considers the adaptation problem for some special cases. Attention is focused only on adaptive estimation across a collection of parameter spaces over which the minimax rates of convergence are equal. In particular, for the collection of all Besov spaces for which fully efficient estimation is possible a procedure based on term by term thresholding is constructed and is shown to be simultaneously fully efficient over every parameter space in this collection. On the other hand, for a fixed nonparametric rate of convergence another estimator is constructed which is simultaneously rate optimal over all Besov spaces with that given minimax rate of convergence. The general case of adaptation over parameter spaces with different minimax rates of convergence is an interesting but challenging problem. A complete treatment is given in [7] .
Connections between the problems of estimating quadratic functionals and a corresponding testing problem is made in Section 5. This testing problem was first studied in [20] and Lepski and Spokoiny [24] developed minimax tests for Besov spaces with 1 α < p < 2. We show that results developed for the estimation problem in Section 3 extend the theory of testing to cases not previously considered.
Section 6 is devoted to a discussion of connections with other related nonparametric function estimation problems, namely those of global estimation under sum of squared error loss and estimating linear functionals. For example, in global estimation it is known that simple thresholding procedures can yield minimax rate optimal procedures over spaces where a few relatively large coefficients may otherwise lead to a large bias. Proofs are given in Section 7.
2. Performance of quadratic procedures. As mentioned in the Introduction, quadratic procedures have received particular attention in the theory of estimating quadratic functionals. They have been shown to work well when the parameter space is orthosymmetric and quadratically convex. Most common parameter spaces, such as Besov balls and L p balls, are orthosymmetric. In particular, unconditional bases such as wavelet bases transform common function spaces into an orthosymmetric sequence space. See [28] . However, many of these spaces are not quadratically convex. In such cases the performance of quadratic rules has not been studied. In this section we study the performance of quadratic procedures over general orthosymmetric parameter spaces. In addition, we consider in detail estimation over Besov balls and L p balls with p < 2.
2.1. General orthosymmetric parameter spaces. Before studying the performance of quadratic procedures over general orthosymmetric parameter spaces it is convenient to introduce some notation. Write Q for the collection of all quadratic rules, namely those of the formQ 
and the minimax quadratic risk and minimax diagonal quadratic risk as
The problem of estimating quadratic functionals has usually assumed that the parameter space is both orthosymmetric and quadratically convex. Orthosymmetry allows a minimax analysis of general quadratic rules to focus on diagonal quadratic rules. More specifically, for any quadratic rule, sayQ [15] showed that for any orthosymmetric set
In particular, it follows that R * Q (n, ) = R * DQ (n, ) when is orthosymmetric. For the analysis of quadratic procedures over general orthosymmetric parameter spaces it is convenient and natural to introduce the quadratic convex hull. For an orthosymmetric set , the quadratic convex hull of is defined as
∈ , θ i ≥ 0 ∀ i} and Hull( 2 + ) denotes the convex hull of the set 2 + . The following theorem characterizes the performance of quadratic rules over an orthosymmetric parameter space.
Consequently the minimax quadratic risk over an orthosymmetric set equals the minimax quadratic risk over the quadratic convex hull of , that is,
Theorem 1 shows that the performance of the optimal quadratic procedure is captured by the minimax quadratic risk over the quadratic convex hull of the parameter space . If in addition Q.Hull( ) is norm bounded in l 2 and convex it follows from Donoho and Nussbaum [11] that R * Q (n; Q.Hull( )) R * (n; Q.Hull( )) and hence R * Q (n; ) R * (n; Q.Hull( )). When is not quadratically convex Q.Hull( ) is larger than and in some cases, as we shall discuss below, R * (n; Q.Hull( )) R * (n; ). Consequently the optimal quadratic procedure can sometimes have a slower rate of convergence than the minimax rate. As we shall show, such is the case for certain Besov balls and L p balls.
Besov balls and L p balls.
We now consider as an example Besov balls and L p balls. The L p balls are defined by
where s = α + 
where
So that we can give a unified treatment of Besov balls and L p balls it is convenient for Besov balls to set θ i = θ j,k where i = 2 j + k. Noisy observation of Besov coefficients can then still be written as in (1) . This convention is used throughout the paper. In addition we shall assume throughout the paper that p, q, α, s > 0.
Previous literature has focused primarily on quadratically convex parameter spaces such as Besov balls
In particular, Fan [15] gave an analysis for L p balls with p ≥ 2 which shows that for the parameter space = L p (α, M) the minimax risk satisfies
where r(α) = 1 when α ≥ 4 . An entirely analogous analysis yields the same result when = B α p,q (M) for p ≥ 2. Moreover, Fan [15] gave simple quadratic estimators attaining these minimax rates of convergence over L p balls. Estimating quadratic functionals over Besov spaces was also considered in [23] where the focus was on adaptive estimation of more general quadratic functionals using model selection.
As pointed out in [11] and [15] , one important aspect of the quadratically convex L p balls is that the difficulty of estimating a quadratic functional is then captured by the hardest hyperrectangle subproblem. This reduction is instrumental in developing a sharp lower bound as well as in the construction of the optimal quadratic rule.
Our focus is on Besov balls and L p balls with p < 2, in which case the parameter spaces are no longer quadratically convex. The standard technique of finding the hardest hyperrectangle subproblem is then no longer sufficient. In fact, quadratic rules are in general suboptimal and the hardest hyperrectangle subproblem need not be as difficult as the full model. Nevertheless the performance of optimal quadratic rules is easy to characterize by the results given in Theorem 1 and an understanding of the quadratic convex hulls of general Besov balls and L p balls. In fact, when p < 2 it is easy to check that
See [10] . Similarly it is easy to check that
Write r * ( ) for the exponent a whenever R * (n, ) n −a and similarly r * Q ( ) for the exponent b whenever R * Q (n, ) n −b . The following result is then a direct consequence of (11)- (13) and Theorem 1.
The corollary clearly shows the elbow phenomenon for the minimax quadratic rate of convergence. There is a break between the usual parametric rate of convergence and slower rates of convergence at α = 1 p − 1 4 . We shall show later that the break for the minimax risk for nonquadratic procedures is at a smaller value of α. This is illustrated in Figure 1 for the case of p = 1.25.
When p < 2 and α >
it is in fact possible to find a simple procedure which is efficient, asymptotically attaining the exact minimax risk. Let m = n log n and setQ
Then simple calculations and lower bounds given in Section 3 yield
3. Nonquadratic estimators. In this section we focus on the construction of a new class of nonquadratic estimators which significantly outperforms the optimal quadratic rules for Besov balls and L p balls when p < 2 and α ≤ . In this case the minimax quadratic risk converges more slowly than the minimax risk and the result shows that quadratic rules are far from optimal.
We shall consider two separate cases. In the first the nonquadratic estimator is fully efficient over Besov balls and L p balls when p < 2 and
, whereas the best quadratic estimator does not even achieve the usual parametric rate. In the second case with p < 2 and α ≤ 1 2p the nonquadratic estimator has risk converging faster than the minimax quadratic risk. We then derive minimax lower bounds in Section 3.3 which show that the risk of this nonquadratic estimator is within a constant factor of the lower bound, and hence the estimator is minimax rate optimal.
Fully efficient estimation: Besov and L p balls with
. In parametric problems, Fisher Information provides a standard benchmark for the performance of an estimator. These bounds are often asymptotically attainable. The information bound is often useful in semiparametric models as well. See, for example, [2] . The problem of estimating a quadratic functional received attention by Ritov and Bickel [26] as an example where the information is strictly positive although it is not always possible to achieve the information bound. In the present context of estimating the quadratic functional Q(θ ) the information can easily be calculated to be I (θ) = (17) where N ε (θ ) = {(1 − t)θ : 0 ≤ t ≤ ε} and 0 < ε < 1. It then directly follows that (17) provides a lower bound for the minimax risk over a parameter space whenever N ε (θ ) ⊂ . In particular, the information bound given in (17) immediately yields
In Section 2 a simple quadratic procedure was given which attains the bound given in (18) 
We shall show that in this case fully efficient estimation is possible by using nonquadratic rules. One such fully efficient rule can be given as follows.
Let m be a given positive integer. Divide the indices i beyond m into blocks of increasing block size so that the j th block is of the size 2 j m. For i in block j , set τ i = 2j , that is,
where x denotes the smallest integer greater than or equal to x.
n ) + } where the expectation is taken under θ = 0. Let J * be the largest integer such that 2 J * m ≤ n 1/(4s) log n where once again s = α + 
The parameter m serves as a tuning parameter. We shall choose different m for different cases. The nonquadratic estimatorQ(m) is built from a quadratic part and coordinate-wise thresholding with slowly growing threshold levels. The thresholding terms are used to guard against individual large terms in the tail.
For the case p < 2 and (20) and define the estimatorQ 2 aŝ
The following theorem shows that the estimatorQ 2 is fully efficient. 
Comparing (22) with (14) shows that in the case . So far we have focused on parameter spaces where fully efficient estimation is possible. We now turn to both Besov balls and L p balls with α ≤ 1 2p and construct a nonquadratic estimator which has a much faster rate of convergence than the minimax quadratic rate given in Section 2. This result again shows that quadratic rules are rate suboptimal and there is much to be gained by using nonquadratic rules.
Let m 3 = n p(1+2ps) and set the estimatorQ 3 of the quadratic functional (20) with m = m 3 . That is,
where once again J * is the largest integer such that 2 J * m ≤ n 1/(4s) log n. The following provides an upper bound for the risk of the estimatorQ 3 . 
where C > 0 is a constant and
It is easy to check that if p < 2 then 2 − p 1+2ps > 8s 4s+1 . Hence quadratic rules are necessarily rate suboptimal when p < 2 and α ≤ 1 2p . In the next section it is shown that no estimator has maximum risk converging faster than n −(2−p/(1+2ps)) and thus the estimatorQ 3 is minimax rate optimal.
The analysis of the estimatorsQ 2 andQ 3 relies on a detailed analysis of bias and variance of thresholding estimators for each coordinate. The following lemma may also be of independent interest.
and the variance ofQ satisfies
Combining the results given in Section 2 as well as this section for both quadratic and nonquadratic rules, we can compare the optimal rates of convergence over Besov and L p balls. Figure 1 gives a comparison for the case of p = 1.25 as a function of α. It illustrates the different elbow phenomena for the minimax rate of convergence and the minimax quadratic rate of convergence.
Minimax lower bounds.
As shown earlier, the information bound given in (18) is sharp for estimating Q(θ ) over Besov balls and L p balls when 0 < p < 2 and α > 1 2p , although sometimes nonquadratic rules are needed to attain the bound. When 0 < p < 2 and α < 1 2p the information bound is no longer attainable. In this section we provide an improved lower bound which shows that the minimax rate of convergence is slower than the usual parametric rate. Furthermore these lower bounds show that the nonquadratic estimatorQ 3 given in (23) is minimax rate optimal.
The derivation of the lower bound given in this section differs from the standard technique of inscribing a hardest hyperrectangle and using the Bayes risk for a prior supported on the hyperrectangle as a lower bound to the minimax risk. The hardest hyperrectangle techniques works when the parameter space is quadratically convex. See, for example, [11] and [15] . However, this technique does not work in our context where the hardest hyperrectangle submodel is not as difficult as the full model. The lower bound given below is based on a mixture prior which mixes over a rich collection of hyperrectangles. The mixing increases the difficulty of the Bayes estimation problem and results in a sharper lower bound. 
THEOREM 4. The minimax risks for estimating the quadratic functional Q(θ ) = θ 2 i over the Besov balls B α p,q (M) and L p balls L p (α, M) satisfy, for
The lower bounds show that when p < 2 and α < 1 2p the optimal rate is slower than the parametric rate. A comparison of the lower bound given above with the upper bound given in (24) shows that in this case the minimax rate of convergence is n −(2−p/(1+2ps)) and the nonquadratic procedureQ 3 is minimax rate optimal.
The results given in Section 2 and this section can be summarized in Table 1 above. For comparison and completeness we also include the well-known results for p ≥ 2 in the table. As in Section 2 define r * and r * Q to be the exponents of the minimax and minimax quadratic rate of convergence, respectively. We can compare the values of r * and r * Q for all cases in Table 1 , where as usual we assume
Simple adaptation.
The main focus of the paper is on deficiencies of quadratic estimators and on the minimax performance of the nonquadratic estimators. The estimatorsQ 2 andQ 3 depend on the parameters α and p and are thus not adaptive. A modification of the estimatorQ 2 can achieve full adaptation over collections of Besov balls and L p balls when fully efficient estimation is possible.
Set m = n log n and let γ > 1 be a constant. Let J * be the largest integer such that 2 J * m ≤ n γ log n. Set
where µ n,i is defined the same as inQ 2 . It is then not difficult to show that for all 0 < p < 2 and α > M) . Hence, the estimatorQ 4 is adaptively fully efficient over the collection
More interestingly, if we take J * = ∞ and set 4 . It is easy to see from Table 1 that these are the maximum collections of Besov balls and L p balls over which fully efficient estimation is possible. Therefore the estimatorQ 5 is adaptively fully efficient whenever fully efficient estimation is possible. We summarize the results in the following theorem. Similarly we can also consider the case where the minimax rate of convergence is nonparametric. Fix a constant 0 < r < 1 and let
where, as usual, s = α + Let m = n 2−r and let τ i be defined as in (19) . Set
Then it is easy to show that the estimatorQ 6 adaptively attains the minimax rate of convergence n −r over each Besov ball
The discussion given above is restricted to cases where the minimax rates of convergence over all the parameter spaces in the collection are the same. A more general approach should consider adaptation over spaces with different minimax rates of convergence. The more standard case where p > 2 has been considered by Klemelä [22] . The general case is an interesting but challenging problem. A complete treatment is given in [7] .
Connection between estimation and testing.
As is common in statistical inference there are strong connections among the problems of estimation and testing quadratic functionals. In this context the testing problem which has received most attention is that of testing the null hypothesis
i ≥ a n . The difficulty of this testing problem depends on assumptions imposed on the unknown θ . Particularly important early work on this problem can be traced to Ingster [20] .
There are two major related goals in these problems. One goal is to find the test which, given a particular choice of a n , minimizes the sum of the type I and maximum type II errors. Alternatively we may fix the maximal sum of the type I and type II errors and try to find the smallest possible a n compatible with this constraint along with the corresponding test. More specifically, for a given 0 < γ < 1 let a n (γ ) be the smallest choice of a n for which there is a test with type I plus maximal type II error less than or equal to γ .
The solution to this testing problem always yields lower bounds to the corresponding estimation problem as follows. First note that every estimatorQ of θ 2 i gives rise to a test of this hypothesis in the following way. IfQ ≤ a n (γ ) 2 , then the null hypothesis H 0 is accepted and ifQ > a n (γ ) 2 the null is rejected. It then immediately follows that
It is then easy to connect an asymptotic statement about the testing problem into asymptotic lower bounds for the estimation problem. For example, if r t is the optimal minimax rate for the testing problem, namely a n (γ ) ∼ n −r t , it then follows that
Hence knowledge about the optimal rate in testing immediately yields a lower bound for the optimal rate in the estimating problem. Likewise upper bounds on the estimation problem yield upper bounds on the testing problem. For example, if
This testing problem has been considered in [24] over Besov balls B α p,q for the cases where 1 α < p < 2. Although the testing theory has not been developed for the cases where α ≤ 1 p , the present paper does immediately yield the optimal rates for testing whenever α ≤ 1 2p . In this case the optimal rate for the testing is n −(1−p/(2(1+2ps))) and this rate has the same functional form as the minimax rate given in [24] in the case α > the estimation problem appears to be "harder" than the testing problem and our results on estimating the quadratic functional do not yield sharp lower bounds or upper bounds on testing.
6. Discussion. There are strong similarities between estimating a quadratic functional over a parameter space that is not quadratically convex and that of estimating linear functionals over a nonconvex parameter space. For estimating the quadratic functional it is shown in Section 2 that the maximum risk of quadratic procedures over a parameter space is equal to the maximum risk over the quadratic convex hull of the parameter space. On the other hand it was shown in [5] that for estimating linear functionals the maximum risk of linear procedures over a parameter space is equal to the maximum risk over the convex hull of the parameter space.
There is also some similarity between the work on estimating a quadratic functional and that of estimating all the coefficients under sum of squared error loss. In both problems extra care must be taken for parameter spaces where a few large coefficients can degrade the performance of naive estimators. Under sum of squared error loss the naive estimators correspond to linear estimators. Such estimators can perform well for p ≥ 2. In particular there are simple linear procedures which are minimax rate optimal. On the other hand, if p < 2 then minimax rate optimal procedures must be nonlinear. The case where p ≥ 2 is sometimes referred to as the dense case since in this situation the difficulty of the problem is caused by situations where there are many small coefficients. The case where p < 2 corresponds to sparse situations where there may be a "few" large coefficients which if not estimated well inflate the risk. For global estimation under sum of squared error loss Donoho and Johnstone [8] have shown that fairly simple term-by-term thresholding rules can then yield minimax rate optimal procedures. In density estimation problems Donoho, Johnstone, Kerkyacharian and Picard [9] showed a similar phenomenon exists.
For estimating quadratic functionals, the naive estimators are quadratic rather than linear. Similar to the problem of global estimation the case p ≥ 2 is easiest. Minimax rate optimal quadratic estimators always exist. However, for estimating a quadratic functional quadratic rules can sometimes be asymptotically fully efficient even in cases when p < 2. Such is the case when p < 2 and α > , quadratic rules are rate suboptimal while in some cases nonquadratic rules can be fully efficient. As in the case of global estimation term-by-term thresholding can yield minimax rate optimal procedures.
In global estimation minimax rate optimal procedures can be based either on soft thresholding or hard thresholding. The same holds when estimating the quadratic functional. The form of this thresholding is not important. There is an analog of Lemma 1 for hard thresholding and so minimax rate optimal procedures can be based on hard thresholding. More specifically, let the estimatorQ(m) be defined asQ
where τ i is given as in (19) Finally we should also note that the term-by-term thresholding procedures used here are quite different from the global thresholding rules used in [21] and [27] , which are designed for estimation over quadratically convex parameter spaces where the worst case is always given by a large number of small coefficients but where the exact locations of these coefficients are unknown.
Proofs.
For proofs involving both Besov balls and L p balls we shall only give details for the L p balls since the proofs for Besov balls are entirely analogous. The proofs of Theorems 2, 3 and 5 all rely on the technical result given in Lemma 1 and are similar. We shall present a detailed proof for Theorem 3, a brief proof for Theorem 2 and omit the proof for Theorem 5. In the proofs we shall denote by C a positive constant not depending on n that may vary from place to place.
LetQ be a diagonal quadratic estimator of Q(θ ). WriteQ = i a i Y 2 i + b. Let θ ∈ Q.Hull( ) and θ 2 = j λ j (θ (j ) ) 2 with θ (j ) ∈ , λ j ≥ 0 and j λ j = 1. Write
and
Then the Cauchy-Schwarz inequality yields
Hence for any diagonal quadratic estimatorQ
Since is orthosymmetric it follows from [15] that minimax quadratic procedures are found within the class of diagonal quadratic procedures. So it follows from (37) that for any quadratic estimatorQ
and hence (8) holds.
PROOF OF LEMMA 1. Denote by φ(z) and (z) the density and cumulative distribution function of Z, respectively, and set˜ (z) = 1 − (z). It then follows from the alternating series bound for Gaussian tails˜ (z) ≥ (
It is easy to check that
It suffices to only consider θ ≥ 0 since B(θ) = B(−θ). It follows immediately from (41) that for all θ ≥ 0, B (θ ) ≥ −2θ and hence
On the other hand, for 0 and (26) now follows from (40) and (47). The proof will be complete once we establish (27) . First we state and prove the following simple lemma. 
We now turn to the proof of (27) . When θ 2 ≥ 1 n , it follows from Lemma 2 that
6θ 2 n and so (27) holds. Now consider θ 2 < 1 n . Because of the symmetry, it suffices to consider 0 ≤ θ < for some constant C > 0. It remains to bound the first term in (55). Note that it is straightforward to verify that for all θ ∈ L p (α, M) and all j ≥ 1, and f be the joint density of m independent normal random variables each with mean 0 and variance 1 n . Note that a similar mixture prior was used in [1] to give lower bounds in a nonparametric testing problem. Now note that if
for all I ∈ I(k, m), then it follows that
